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NOTES ON ERGODIC THEOREMS IN NON-COMMUTATIVE
SYMMETRIC SPACES
GENADY YA. GRABARNIK
Abstract. In this paper we establish individual ergodic theorem for positive
kernels (or so called Danford Shwartz (DS+) operators acting on non commu-
tative symmetric spaces.
1. Introduction
The goal of the paper is to see that one of the results by Veksler [20] or Muratov,
Pashkova and Rubshtein [16] remains valid for the non commutative case. 1 Let
M, τ be a semifinite von Neumann algebra with semifinite normal faithful trace τ .
In addition we assume that M, τ satisfy homogeneity property, it may be pre-
sented in the form of the resonant property on trace, see for example [1].
The space of all measurable operators affiliated with M, τ in the Sigal [19] sense
is denoted by L0, see for details [19, 5, 6].
Notions of L1(M, τ) and L∞(M, τ) was naturally introduced in the same paper.
Since we fix algebra M and trace τ , we omit them from the notations from now
on.
Let F ∈M be a set of finite linear combinations of orthogonal projections with
finite trace.
Space R0 = (L1 + L∞)0 is the closure of F in the norm ‖x‖ = inf{‖x1‖1 +
‖x2‖∞, |x = x1 + x2, x1 ∈  L1, x2 ∈  L∞}.
Remark 1. The space R0 is not necessary separable, it is sufficient to consider
M = B(H) of all bounded operators in the Hilbert space H with not separable H
with natural trace τ .
Definition 1. Non-commutative re-arrangement invariant (or symmetric) space L
for the fully symmetric case were introduced by Yeadon in [24]. For the definition
of the symmetric spaces we refer to the recent book of Lord, Sukochev, Zanin on
singular traces, with original proofs due to Kalton and Sukochev.
Definition 2. Re-arrangement invariant space L over (M, τ) is called minimal if
F is dense in L by norm of L.
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1 It become known to author that Litvinov and Chilin also saw this result at the same time and
wrote it at the same time. I suggested to them to combine results and names on paper. Waiting
for the answer.
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2. Embedding theorem
The following refinement of the embedding theorem [12] take place.
Theorem 1. Let L be a re-arrangement invariant space over (M, τ). Then
(1) If L is minimal, then
L1 ∩ L∞ ⊆ L ⊆ R0
(2) If L is not minimal L, then
L∞ ⊆ L ⊆ L1 + L∞
Proof. Proof is given in the forthcoming paper of author and some co-authors. 
3. Individual ergodic theorem for minimal symmetric spaces
3.1. The Largest Minimal Symmetric Space. The largest minimal symmetric
space is R0 = (L1+L∞)0 is a set of all measurable integrable with trace operators
plus bounded with not increasing re-arrangement functions decreasing to 0.
The space R0 is minimal symmetric space. Any minimal symmetric space is a
subset of R0.
3.2. Positive double contraction on R0. Any positive kernel (T ∈ DS
+) leaves
R0 invariant.
3.3. Mean Ergodic Theorem. Von Neumann Mean ergodic Theorem on L2 fol-
lows from the general von Neumann ergodic theorem for the contractions on the
general Hilbert spaces.
Mean convergence on L1∩L∞ follows from the the fact that both L1 and L∞ are
invariant under positive kernels. The space L1 ∩L∞ itself is invariant under action
of positive kernel, and positive kernel is a contraction of the space L1 ∩ L∞. The
von Neumann Ergodic theorem and the closedness of L1 ∩ L∞ in its norm implies
mean ergodic theorem on L1 ∩ L∞.
3.4. Mean convergence on R0.
Proposition 1. The Cesaro averages Sn(T )x converge to some x˜ in norm of R0.
Proof. Follows from von Neumann ergodic theorem and the fact that L2 is dense
R0. Details. We show that sl(T )x, l = 1, 2, ... is fundamental sequence in R0.
Indeed, each x ∈ R0 may be presented as x = x1,n + x2,n with x1,n ∈ L1 and
x2,n ∈ L∞ with ‖x2,n‖∞ < 2
−n. Then we can apply von Neumann or Yeadon’s
Mean Ergodic theorem 4.2 [24] for L1 to x1,n and find l(n) such that for l,m ≥ l(n)
holds
‖sl(T )x1,n − sm(T )x1,n‖L1 < 2
−n.
Then for l,m ≥ l(n)
‖sl(T )x− sm(T )x‖R0 ≤ ‖sl(T )x1,n − sm(T )x1,n‖L1+
+‖sl(T )x2,n − sm(T )x2,n‖L∞ ≤ 4 ∗ 2
−n,
and, hence, the sequence sl(T )x is fundamental. Completeness of R0 implies exis-
tence of x˜ liml→∞ sl(T )x. 
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Remark 2. Mean ergodic theorem for fully symmetric spaces is due to Yeadon [24],
Theorem 4.2. Note that we do not require the space L to be fully symmetric here.
Condition ii) of the theorem 4.2 [24] means that the space L is minimal. The space
R0 does not satisfy condition iii) in theorem 4.2 [24].
3.5. Individual Ergodic Theorem in L1. Individual Ergodic theorem for L1
was established by Yeadon [22], among other authors.
3.6. Individual ergodic theorem for R0. The goal of the section is to show
double side almost everywhere convergence for the operators from the R0.
Definition 3. The sequence xn from L0 is called converging double side almost
everywhere to x0 ∈ L0 if for every ǫ > 0 there exist orthogonal projection E ∈ M
such that τ(1 − E) < ǫ, E(xn − x0)E ∈M and E(xn − x0)E → 0.
Theorem 2. Let M, τ,R0 are as above and T is positive kernel on M . For x ∈ R0,
Cesaro averages Sn(T )x converge d.s.a.e. in R0.
Proof. The proof follows the line of the proof of Proposition 1 and uses Yeadon’s
individual ergodic theorem for L1 [22], see also Chilin, Litvinov [?], [?]
We show that sl(T )x, l = 1, 2, ... is fundamental d.s.a.e. sequence in R0. Indeed,
each x ∈ R0 may be presented as x = x1,n + x2,n with x1,n ∈ L1 and x2,n ∈ L∞
with ‖x2,n‖∞ < 2
−4∗n. In turn, x1,n = x1,1,n+x1,2,n, with x1,1,n ∈ L∞, x1,2,n ∈ L1
and ‖x1,2,n‖L1 < 2
−8∗n, n = 1, 2, ....
Then we can apply Yeadon’s Individual Ergodic theorem 1, [22] for L1 to x1,1,n
and find l(n) and projector E(n) ∈ M such that τ(1 − E(n)) < 2−4∗n and for
l,m ≥ l(n) holds
‖E(n)(sl(T )x1,1,n − sm(T )x1,1,n)E(n)‖L∞} → 0.
We can represent x1,2,n =
∑
∞
k=1 x2,n,k, with x2,n,k ∈ L∞ and ‖x2,n,k‖L1 <
2−8∗(n+k).
Then, we can find E(1, n) = ∧kE(1, n, k), with τ(1 − E(1, n)) ≤ 2
−4∗n and
E(1, n)sl(x1,2,n)E(1, n) ∈ L∞ and ‖E(1, n)sl(x2,n)E(1, n)‖L∞ < 2
−4∗n, where
projections E(1, n, k) are obtain by Theorem 1 from [22] applied to x2,n,k and
ǫ = 2−4(n+k).
By choosing E(2, n) = ∧∞k=1E(1, n+k)∧∧
∞
k=1E(n+k), we have τ(1−E(2, n)) <
2−4∗n.
Moreover, for l,m ≥ l(n)
‖E(2, n)(sl(T )x− sm(T )x)E(2, n)‖L∞
≤ ‖E(2, n)(sl(T )x1,n−sm(T )x1,n)E(2, n)‖L∞+‖E(2, n)(sl(T )x2,n−sm(T )x2,n)E(2, n)‖L∞
≤ ‖E(2, n)(sl(T )x1,1,n− sm(T )x1,1,n)E(2, n)‖L∞ + ‖E(2, n)(sl(T )x1,2,nE(2, n)‖L∞
+‖E(2, n)sm(T )x1,2,nE(2, n)‖L∞ + 2 ∗ 2
−4∗n ≤ 8 ∗ 2−n,
and, hence, the sequence sl(T )x is fundamental d.s.a.e. The sequence sl(T )x also
converges in norm in R0 to x˜, hence it converges in measure. This implies conver-
gence of sl(T )x d.s.a.e. to x˜. 
Remark 3. In the case when space L is not minimal, it contains M . Then it
is possible to show [16], that even in the commutative case, there exists ergodic
automorphism of the space with measure such that ergodic averages do not converge
almost everywhere.
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Corollary 1. Let L be a minimal non-commutative symmetric space. Let T be
a positive kernel such that T leaves L invariant and T acts as contraction on L.
Then Cesaro averages sn(T )x converge in norm and d.s.a.e. for any x ∈ L.
Proof. Since the space L is minimal, the set of L1 ∩ L∞ is dense in L. Since
L1 ∩ L∞ ⊆ L, hence
‖x‖L1∩L∞ ≥ C ∗ ‖x‖L
for any x ∈ L1 ∩ L∞, which in turn implies convergence of Cesaro averages of
sn(T )x in norm of L for x ∈ L1 ∩ L∞. Fix real ǫ > 0. Find xk ∈ L1 ∩ L∞ with
‖x− xk‖L < ǫ/2. Then Cesaro averages are sn(T )x are within ǫ of the x˜k, where
x˜k = limn→∞ sn(T )xk. This implies norm convergence of sn(T )x.
The d.s.a.e. convergence follows from the embedding theorem 1, since a minimal
re-arrangement invariant non-commutative function space L is a subspace of R0.

Corollary 2. Let L be a minimal fully symmetric space. Let T be a positive kernel
on (M, τ). Then T leaves L invariant and act on L as contraction. Moreover, the
Cesaro averages Sn(T )x converge d.a.e. for any x ∈ L.
Corollary 3. (see Chilin Litvinov [3]). Let LΨ be a non-commutative Orlicz space
with function Ψ satisfying conditions δ2 and ∆2. Let T be a positive kernel. Then
the Cesaro averages Sn(T )x converge d.s.a.e. for any x ∈ L.
Proof. The Orlicz space LΨ with function Ψ satisfying conditions δ2 and ∆2 is
minimal [1, 12, 15]. Since the space LΨ is fully symmetric, it is interpolation space
[1, 12] and hence T leaves LΨ invariant and acts on LΨ as a contraction. Then we
are in the assumptions of the Corollary 2, and hence Sn(T )x converges d.a.e. . 
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